In this paper we introduce two new generalizations of Krull domains: * -almost independent rings of Krull type ( * -almost IRKTs) and *almost generalized Krull domains ( * -AGKDs), neither of which need be integrally closed. We characterize them using certain types of * -homogeneous ideals. To do this we introduce * -almost super-homogeneous ideals and *almost super-SH domains. We prove that a domain D is a * -almost IRKT if and only if D is a * -almost super-SH domain and that a domain is a * -AGKD if and only if D is a type 1 * -almost super-SH domain. Further, we study * -almost factorial general-SH domains ( * -afg SH domains) and we prove that a domain D is a * -afg-SH domain if and only if D is a * -IRKT and an AGCD-domain.
Introduction
It is well-known that Krull domains play a central role in the development of multiplicative ideal theory. The concept of a Krull domain has been generalized in many different ways, for example, by independent rings of Krull type, generalized Krull domains and weakly Krull domains. There is an important commonness in the above domains, i.e., they are all F -IFC domains. Recall that a set F of prime ideals in a domain D is a defining family if D = {D P | P ∈ F }. Further, F is of finite character (or locally finite) if every nonzero nonunit of D belongs to at most finitely many members of F and F is independent if no two members of F contain a common nonzero prime ideal. As in [5] , a domain D is called an F -IFC domain if D has a defining family F such that F is independent and of finite character. Now suppose that D is a F -IFC domain. Then D is called a weakly Krull domain (WKD) in [3] if X (1) (D) = F , where X (1) (D) is the set of height-one prime ideals of D. We can further put conditions on D P for P ∈ F . If D is an F -IFC domain and D P is a valuation domain for each P ∈ F , then we get the independent rings of Krull type (IRKTs) of Griffin [12] . If D is a WKD and D P is a valuation domain for each P ∈ F , then we get the generalized Krull domains (GKDs) of Ribenboim [19] . In particular, if D is a WKD and D P is a DVR for each P ∈ F , then D is precisely a Krull domain. Our original motivation for this paper was to give two classes of generalizations of Krull domains by F -IFC domains.
Let us denote the set of positive integers by N. Recall from [4] that a domain D is called an almost valuation domain (AV-domain) if for 0 = a, b ∈ D, there is an n = n(a, b) ∈ N with a n | b n or b n | a n . It is clear that every valuation domain is an AV-domain. Now AV-domains are of interest in that by using AV-domains, many classical results on valuation domains can be extended to the general theory of almost factoriality. For example, a domain D is called an almost Prüfer domain (AP-domain) in [4] if for any 0 = a, b ∈ D, there is an n = n(a, b) ∈ N with (a n , b n ) invertible. It is shown in [4, Theorem 5.8 ] that a domain D is an AP domain if and only if D P is an AV-domain for each maximal ideal P of D. Also, a domain D is called an almost Prüfer v-multiplication domain (APvMD ) in [16] if for 0 = a, b ∈ D, there is an n = n(a, b) ∈ N with (a n , b n ) t-invertible. It is shown in [16, Theorem 2.3 ] that a domain D is an APvMD if and only if D P is an AVdomain for each maximal t-ideal P of D. Now in the definition of an IRKT, we can use an AV-domain instead of a valuation domain to define an almost independent ring of Krull type. If D is a F -IFC domain and D P is an AV-domain for any P ∈ F , then D is said to be an almost independent ring of Krull type (almost IRKT ). Accordingly, if D is a WKD and D P is an AV-domain for any P ∈ F , D is said to be an almost generalized Krull domain (AGKD ). In this paper, we shall create a suitable theory of unique factorization of ideals as in [6] and study them in a slightly more general setting using finite character star-operations.
Let * be a finite character star-operation on a domain D. Denote the set of maximal * -ideals by * -max(D). Then D = {D P | P ∈ * -max(D)} by [21, Theorem 7.2.11] . Hence * -max(D) is a defining family on D. As in [6] , a * -max(D)-IFC domain is said to be * -h-local. Indeed, following [11, page 136 ], a * -h-local domain can be also called h P -local where P = * -max(D). In particular, a d-h-local domain is precisely a h-local domain of Matlis [17] and a t-h-local domain is precisely a h U -local domain [10] . Using * -h-local domains, WKDs, IRKTs, GKDs, and Krull domains are redefined in [6] as * -WKDs, * -IRKTs, * -GKDs, and * -Krull domain, respectively. More precisely, a domain D is called a * -WKD if D is * -h-local and * -max(D) = X (1) (D); a domain D is called a * -IRKT if D is * -h-local and D P is a valuation domain for each P ∈ * -max(D); a domain D is called a * -GKD if D is a * -WKD and D P is a valuation domain for each P ∈ X (1) (D); a domain is called a * -Krull domain if D is a * -WKD and D P is a DVR for each P ∈ * -max(D). It is easy to check that a t-WKD (resp., t-IRKT, t-GKD and t-Krull domain) is just a WKD (resp., IRKT, GKD and Krull domain) while a d-WKD (resp., d-IRKT, d-GKD and d-Krull domain) is a one-dimensional finite character domain (resp., finite character Prüfer domain, one dimensional finite character Prüfer domain and a Dedekind domain). Using * -homogeneous ideals, the second and third authors have given some nice characterizations for these domains. Let * be a finite character star-operation on a domain D. Recall from [6] that a nonzero ideal A of D is called * -homogeneous if A is finitely generated and A is contained in a unique maximal * -ideal. The unique maximal * -ideal containing A is often denoted by M (A). It is shown in [6, Theorem 4 ] that a domain D is a * -h-local domain if and only if D is a * -SH domain, where D is called a * -semi-homogeneous domain ( * -SH domain) if every proper nonzero principal ideal of D is a * -product of * -homogeneous ideals. Furthermore, if A is * -homogeneous and M (A) = √ A * , then A is called a type 1 *homogeneous ideal; if A is * -homogenous and A * = (M (A) n ) * for some n ≥ 1, then A is called a type 2 * -homogeneous ideal. Accordingly, a domain D is called a type 1 * -SH domain if every proper nonzero principal ideal of D is a finite * -product of type 1 * -homogeneous ideals of D; a domain is called a type 2 * -SH domain if every proper nonzero principal ideal of D is a finite * -product of type 2 * -homogeneous ideals of D. It is shown in [6, Theorem 7 ] that a domain D is a * -WKD if and only if D is a type 1 * -SH domain. It is shown in [6, Theorem 8] Here a * -almost super-homogeneous ideal A is a * -invertible P - * -homogeneous ideal with the additional condition that given b 1 , . . . , b s ∈ P with A r ⊆ (b 1 , . . . , b s ) * for some r ∈ N, there exists an n ∈ N with (b n 1 , . . . , b n s ) * -invertible. Accordingly, a domain D is called a * -almost super-SH domain if every nonzero proper principal ideal of D is a * -product of * -almost super-homogeneous ideals. This fills a gap left in [6] . The * -almost factorial-SH domains introduced in [6] are integrally closed while the * -almost super-SH domains introduced in this paper need not be integrally closed. In Section 3, we study * -almost IRKTs and we prove in Theorem 3.2 that a domain D is a * -almost IRKT if and only if D is a * -almost super SH domain. In Section 4, we study * -AGKDs and we prove in Theorem 4.3 that a domain D is a * -AGKD if and only if D is a type 1 * -almost super-SH domain. Furthermore, in Section 5, we study * -almost factorial general-SH domains ( * -afg-SH domains) and we prove in Theorem 5.7 that a domain D is a * -afg-SH domain if and only if D is an AGCD-domain and a * -almost IRKT, where a domain D is called an almost GCD domain (AGCD-domain) in [23] if for 0 = a, b ∈ D, there exists an n = n(a, b) ∈ N with (a n , b n ) v principal.
As our work involves star-operations, we provide a quick review. Let D be a domain with quotient field K and let F (D) be the set of nonzero fractional ideals of D. A star-operation on D is a map * : F (D) → F (D) such that for all A, B ∈ F (D) and 0 = x ∈ K (1) (x) * = (x) and (xA) * = xA * , 
We now proceed to state and prove our main results.
* -almost super-homogenous ideals
In this section we introduce * -almost super-homogeneous ideals and * -almost super-SH domains. Suppose that A is a * -homogeneous ideal of a domain D. If P is the unique maximal * -ideal containing A, then A is said to be P - * -homogeneous. If both A and B are P - * -homogeneous, we say that A is similar to B, denoted by A ∼ B. Now we start by the following definition.
Definition 2.1. Let * be a finite character star-operation on a domain D.
(
Next we investigate the properties of * -almost super-homogeneous ideals. We need the following lemmas. Lemma 2.3. Let A = (a 1 , . . . , a k ) be an ideal of a domain D. Then A nk ⊆ (a n 1 , . . . , a n k ) ⊆ A n for any n ∈ N.
Proof. It is clear that (a n 1 , . . . , a n k ) ⊆ A n . Let a l1
Then there is some l j ≥ n. Otherwise, as l i < n for all i, we have k i=1 l k < kn, a contradiction. Hence a l1 1 · · · a l k k ∈ (a n 1 , . . . , a n k ). It follows that A nk ⊆ (a n 1 , . . . , a n k ). So A nk ⊆ (a n 1 , . . . , a n k ) ⊆ A n . Lemma 2.4. Let * be a finite character star-operation on a domain D and
Proposition 2.5. Let * be a finite character star-operation on a domain D and A a P - * -almost super-homogeneous ideal of D.
A n is * -almost super-homogeneous for any positive integer n.
Proof. (1) Let A = (a 1 , . . . , a k ). Then A ⊆ (a 1 , . . . , a k , b 1 , . . . , b s ) * ⊆ P . Hence for some n ∈ N, (a n 1 , . . . , a n k , b n 1 , . . . , b n s ) is * -invertible. So (((a n 1 , . . . , a n k ) + (b n 1 , . . . , b n s )) (a n 1 , . . . , a n k , b n 1 , . . . , b n s ) −1 ) * = ((a n 1 . . . , a n k , b n 1 , . . . , b n s )(a n 1 , . . . , a n k , b n 1 , . . . , b n s ) −1 ) * = D. It follows that (a n 1 , . . . , a n k )(a n 1 . . . , a n k , b n 1 , . . . , b n s ) −1 P or (b n 1 , . . . , b n s )(a n 1 . . . , a n k , b n 1 , . . . , b n s ) −1 P . We claim that (a n 1 , . . . , a n k )(a n 1 , . . . , a n k , b n 1 , . . . , b n s ) −1 and (b n 1 , . . . , b n s )(a n 1 , . . . , a n k , b n 1 , . . . , b n s ) −1 can not be contained in any maximal * -ideal other than P . In fact, if (b n 1 , . . . , b n s )(a n 1 , . . . , a n
Similarly we can show that (a n 1 , . . . , a n k )(a n 1 , . . . , a n k , b n 1 , . . . , b n s ) −1 can not be contained in any maximal * -ideal other than P . Thus ((a n 1 , . . . , a n k )(a n 1 . . . , a n
In the first case, we have (A n ) * = (a n 1 , . . . , a n k ) * = (a n 1 . . . , a n k , b n 1 , . . . , b n s ) * . So (A n ) * = (A n + (b n 1 , . . . , b n s )) * . In the second case, we have (b n 1 , . . . , b n s ) * = (a n 1 , . . . , a n
(3) By [6, Proposition 2], it follows that AB is P - * -homogeneous and certainly Proof. This follows from Proposition 2.7.
We now give a uniqueness result for * -products of * -almost homogeneous ideals. Theorem 2.9. Let * be a finite character star-operation on a domain D and let A 1 , . . . , A n be * -almost super-homogeneous ideals of D. Then the * -product (A 1 · · · A n ) * can be expressed uniquely, up to order, as a product of pairwise * -comaximal *almost super-homogeneous ideals. 
* -almost IRKTs
In this section we introduce * -almost IRKTs. Using AV-domains instead of valuation domains, we define a * -almost IKRT as follows. Then the following statements are equivalent for D.
(1) D is a * -almost IRKT.
(2) D is a * -h-local domain and an AP * MD. (1) ⇒ (3) Suppose that A is * -invertible and P - * -homogeneous. Let B = (b 1 , . . . , b k ) be P - * -homogeneous with A r ⊆ B * . Since D P is an AV-domain, D P is an AB-domain by [4, Theorem 5.6 ]. Hence by [4, Lemma 4.3] 
Hence each A i is * -almost super-homogeneous. It follows that D is a * -almost super-SH domain.
(4) ⇒ (1) Suppose that D is a * -almost super-SH domain. Then D is a * -SH domain. Hence D is a * -h-local domain by [6, Theorem 5] . We only need to prove that D P is an AV-domain for each P ∈ * -max(D). For given P ∈ * -max(D), take 0 = x ∈ P . Then by Theorem 2.9 xD = (A 1 · · · A k ) * where the A i are mutually * -comaximal * -almost super-homogeneous ideals of D. Hence there exists some A i such that A i ⊆ P . If j = i and A j ⊆ P , then (A i + A j ) * ⊆ P . But A i and A j are * -comaximal, so D = (A i + A j ) * ⊆ P , which is a contradiction.
So there is only one
For convenience we write xD P D = A * , where A is P - * -almost super-homogeneous. Let 0 = y ∈ P . Then similarly we get that yD P D = B * , where B is also P - *almost super-homogeneous. Thus A n ⊆ (B n ) * or B n ⊆ (A n ) * for some n ∈ N by Proposition 2.5(3). Now we claim that x n D P ⊆ y n D P or y n D P ⊆ x n D P . In fact,
Similarly we can prove that if B n ⊆ (A n ) * , then y n D P ⊆ x n D P . Therefore for each P ∈ * -max(D), D P is an AV-domain.
Next we point out that a * -almost super-SH domain of type 2 is precisely a * -Krull domain. (1) D is a * -almost super-SH domain of type 2.
(2) D is a * -Krull domain.
(3) If A is a finitely generated * -invertible ideal of D with A * = D, then A * is a * -product of * -almost super-homogeneous ideals of type 2. (4) D is a * -SH domain of type 2.
Proof. (1) ⇒ (4) Trivial.
(4) ⇔ (2) [6, Theorem 8].
(2) ⇒ (3) Suppose that A is a finitely generated * -invertible * -homogeneous ideal of D with A * = D. Then A * = (A 1 · · · A k ) * by [6, Theorem 8] , where each A i is a * -invertible * -homogeneous ideal of type 2 . And since a * -Krull domain is a * -almost IRKT, each A i is * -almost super-homogeneous by Theorem 3.2. Hence A * is a * -product of * -almost super-homogeneous ideals of type 2.
(3) ⇒ (1) Clear.
* -almost generalized Krull domains
In this section we introduce * -AGKDs and we prove that a domain D is a * -AGKD if and only if D is a type 1 * -almost super-SH domain. Let D be a domain. If D = {D P | P ∈ X (1) (D)} is locally finite and for each P ∈ X (1) (D), D P is an AV-domain, then D is said to be an AGKD. Hence a domain D is a * -AGKD if and only if D is an AGKD and * -max(D) = X (1) (D). Thus a t-AGKD is the same thing as an AGKD (see Proposition 4.2), while a d-AGKD is just a one-dimension finite character AP-domain.
Let Ass(K/D) be the set of associated primes of principal ideals of a domain D, Ass(K/D) = {P ∈ Spec(D) | P is minimal over (aD : bD) for some a, b ∈ D}. Then Ass(K/D) is a defining family for D by [20, Theorem E(i) ]. The function g defined for all A ∈ F (D) by A → {A P | P ∈ Ass(K/D)} is a star-operation, which is so-called the g-operation. This star-operation is also called the ρ-operation in [24] . In particular, g s is a star-operation called the f -operation in [22] . Recall from [18] , a domain D is called a GW-domain if A g = A w for any 0 = A ∈ F (D). It is shown in [18, Theorem 1.5] that D is a GW-domain if and only if (t-max(D) =) w-max(D) ⊆ Ass(K/D), if and only if g is of finite character, i.e., g = f . Next, we point out that an AGKD is a GW-domain. (1) If X (1) 
Proof. (1) We first prove that Ass(K/D) = X (1) (D). It is clear that X (1) (D) ⊆ Ass(K/D). For the reverse inclusion, let P ∈ Ass(K/D). Then P is a minimal prime ideal over ann D ( b a + D) for some b a ∈ K, where K is the quotient field of D. Since ann D ( b a + D) = (aD : R bD) is a v-ideal of D, P is a t-ideal of D by [13, Proposition 1.1 (5) ]. Hence P is a * w -ideal of D. Also, since X (1) (D) = * -max(D), it follows from [2, Corollary 2.10] that * w is precisely induced by {D Q | Q ∈ X 1 (D)}. Hence by [1, Theorem 1 (5)], there exists Q ∈ X (1) (D) such that P ⊆ Q. But as htQ = 1, this forces P = Q ∈ X (1) (D). Hence Ass(K/D) ⊆ X (1) (D), and so X (1) (D) = * -max(D) = Ass(K/D). Now by [20, Theorem E(i)], we have D = {D P | P ∈ Ass(K/D) = * -max(D)}. Thus g = * w has finite character. On other hand, since X (1) (D) = Ass(K/D), we have Ass(K/D) = t-max D = w-max D by [14, Lemma 5.1 (5)(d)]. Consequently, X (1) (D) = Ass(K/D) = t-max(D) = w-max(D).
(2) By definition we have X (1) (D) = * -max(D). Hence X (1) (D) = Ass(K/D) = t-max(D) = w-max(D) by (1) . So g = * w = w = f by [18, Theorem 5] .
Let * be a finite character star-operation on a domain D. Recall from [14] that P ∈ * -max(D) is called * -potent if it contains a * -homogeneous ideal and D is called * -potent if each P ∈ * -max(D) is * -potent. Then the following statements are equivalent for D.
(1) D is a * -AGKD.
(2) D is an AP * MD and a * -WKD.
(3) D is a * -potent AP * MD with X (1) (D) = * -max(D). (4) D is an * -almost IRKT and a * -WKD. (5) D is an * -almost IRKT and every * -invertible * -homogeneous ideal has type 1. (6) D is a * -h-local domain and every * -invertible * -homogeneous ideal is *almost super-homogeneous and has type 1. (2) ⇒ (3) Since D is a * -WKD, D is a * -h-local domain and X (1) (D) = * -max(D). Hence D is a * -SH domain by [6, Theorem 4] . Let P ∈ * -max(D). Take 0 = x ∈ P . Then (A 1 · · · A k ) * = xD where each A i is a * -homogeneous ideal of D. Hence A 1 · · · A k ⊆ P . It follows that there exists some A j such that A j ⊆ P . Hence P is * -potent. So D is a * -potent domain.
(3) ⇒ (4) Since X (1) (D) = * -max(D) by (3), we have Ass(K/D) = X (1) (D) = * -max(D) by Proposition 4.2. Hence D = {D P | P ∈ X (1) (D)} by [20, Theorem E(ii) ]. Also, since D is a * -potent domain with X (1) (D) = * -max(D), D has finite * -character by [14, Theorem 5.3] . Hence D = {D P | P ∈ X (1) (D)} is locally finite. It follows that D is a WKD. So D is a * -h-local domain by [6, Theorem 7] . On other hand, since D is an AP * MD, D P is an AV-domain for each P ∈ * -max(D) by [15, Theorem 2.4] . So D is a * -almost IRKT.
(4) ⇒ (1) Obvious. 
Hence A i is * -almost super-homogeneous and has type 1 by (6) . It follows that A is a * -product of type 1 * -almost super-homogeneous ideals.
(8) ⇒ (7) This is clear. Now we give an example to show that (1) a * -AGKD is not necessarily a * -GKD, (2) a * -almost IRKT is not necessarily a * -IRKT, and (3) a * -almost superhomogeneous ideal is not necessarily a * -super-homogeneous ideal. 
Then D is an AGCD-domain by [9, Corollary 3.2] , and D is a WKD by [8, Corollary 4.6] . Hence D is a WKD and an APvMD by [16, Theorem 3.1] . So D is an AGKD (t-AGKD) by Theorem 4.3. On the other hand, since D is never integrally closed, D is not a PvMD. Hence D is not a GKD by [14, Theorem 5.9] . So D is an AGKD, but not a GKD. By Theorem 4.3 and [6, Theorem 11] it follows that D is an almost IRKT, but not a IRKT. Also, since D is an AGKD but not a GKD, D is an t-almost super-SH domain but not a t-super-SH domain. Hence there exists a t-almost super-homogenous ideal of D but not a t-super-homogeneous ideal.
* -almost factorial general-SH domains
In this section we introduce * -almost factorial general-SH domains. We prove that a domain D is a * -almost factorial general-SH domain if and only if D is a * -IRKT and an AGCD. (1) A is * -almost super-homogeneous.
(2) (A n ) * is a principal ideal of D for some n ∈ N.
(3) If (b 1 , . . . , b s ) is a P - * -homogeneous ideal of D, then A n ⊆ (b n 1 , . . . , b n s ) * or (b n 1 , . . . , b n s ) ⊆ (A n ) * for some n ∈ N. (4) If B is a P - * -afg-homogeneous ideal of D, then A n ⊆ (B n ) * or B n ⊆ (A n ) * for some n ∈ N. (5) If B is a P - * -afg-homogeneous ideal of D, so is AB. (6) A n is P - * -afg-homogeneous for each n ∈ N.
Proof. (1) This follows from the definitions.
(2) Let A = (a 1 , . . . , a k ). Then (a n 1 , . . . , a n k ) * is a principal ideal of D for some n ∈ N. Since A is * -invertible, we have (A n ) * = (a n 1 , . . . , a n k ) * by [15, Lemma 2.2]. Hence (A n ) * is a principal ideal of D.
(3) Since A is * -afg-homogeneous, A is * -almost super-homogeneous by (1) . Hence A n ⊆ (b n 1 , . . . , b n s ) * or (b n 1 , . . . , b n s ) ⊆ (A n ) * by Proposition 2.5(1). (4) Suppose that B = (b 1 , . . . , b s ). Then by (3) A n ⊆ (b n 1 , . . . , b n s ) * or (b n 1 , . . . , b n s ) ⊆ (A n ) * for some n ∈ N. Since B is * -afg-homogeneous, B is * -invertible. Hence, (B n ) * = (b n 1 , . . . , b n s ) * by [15, Lemma 2.2]. So A n ⊆ (B n ) * or B n ⊆ (A n ) * . (5) By (4) we have A n ⊆ (B n ) * or B n ⊆ (A n ) * for some n ∈ N. Let C = (c 1 , . . . , c l ) be P - * -homogeneous with (AB) r ⊆ (c 1 , . . . , c l ) * for some r ∈ N. Then by Lemma 2.3 C nl ⊆ (c n 1 , . . . , c n l ). Hence A nrl B nrl ⊆ (A nrl B nrl ) * ⊆ (C nl ) * ⊆ (c n 1 , . . . , c n l ) * . If A n ⊆ (B n ) * , then A 2nrl ⊆ (c n 1 , . . . , c n l ) * . Since A is * -afghomogenous, (c mn 1 , . . . , c mn l ) * is principal for some m ∈ N. Similarly if B n ⊆ (A n ) * , then (c sn 1 , . . . , c sn l ) * is principal for some s ∈ N. Also, it is clear that AB is *invertible and similar to both A and B by [6, Proposition 2] . Hence AB is P - * -afghomogeneous.
(6) This follows from (5) .
Corollary 5.4. If D is a * -afg-SH domain, then D is a * -almost super-SH domain.
Proof. This follows from Proposition 5.3.
Now by Proposition 5.3 (5) a product of similar * -afg-homogeneous ideals is again * -afg-homogeneous. Thus the proof of Theorem 2.9 gives the corresponding uniqueness result for * -products of * -afg-homogeneous ideals.
Theorem 5.5. Let * be a finite character star-operation on a domain D and let A 1 , . . . , A n be * -afg-homogeneous ideals of D. Then the * -product (A 1 · · · A n ) * can be expressed uniquely, up to order, as a product of pairwise * -comaximal * -afghomogeneous ideals.
Let * be a finite character star-operation on a domain D. The set * -Inv(D) of * -invertible fractional * -ideals forms a group under the * -product I * J := (IJ) * with subgroup Prin(D), the set of nonzero principal fractional ideals of D. The quotient group Cl * (D) := * -Inv(D)/Prin(D) is called the * -class group of D in [7] . If * 1 ≤ * 2 are finite character star-operations on D, then Cl * 1 (D) ⊆ Cl * 2 (D). Let * be a finite character star-operation on a domain D. Then D is called a * -almost Bézout domain in [6] if for 0 = a, b ∈ D, there exists an n = n(a, b) ∈ N with (a n , b n ) * principal. It follows from [15, Theorem 3.4 ] that a domain D is a * -almost Bézout domain if and only if D is an AP * MD with Cl * (D) torsion. If * 1 ≤ * 2 are finite character star-operations on D, then D * 1 -almost Bézout implies D is a * 2almost Bézout. Next we characterize * -afg-SH domains and we need the following lemma.
Lemma 5.6. Let * be a finite character star-operation on a domain D. If D is a * -almost IRKT, then D is an AGCD-domain if and only if D is a * -almost Bézout domain.
Proof. (⇒) Let D be an AGCD-domain. Then Cl t (D) is torsion by [16, Theorem 3.1]. Since Cl * (D) ⊆ Cl t (D), it follows that Cl * (D) is torsion. Also since D is a * -almost IRKT, D is a AP * MD. Hence D is a * -almost Bézout domain by [15, Theorem 3.4 ].
(⇐) Let D be a * -almost Bézout domain. Then D is a t-almost Bézout domain and hence D is an AGCD-domain.
Theorem 5.7. Let D be a domain and * a finite character star-operation on D. The following statements are equivalent for D.
(1) D is a * -afg-SH domain.
(2) D is a * -almost IRKT and an AGCD-domain.
(3) D is a * -almost IRKT with Cl * (D) torsion.
(4) D is a * -h-local domain and each * -invertible * -homogeneous ideal is * -afghomogeneous.
is a t-almost IRKT. Thus D is a t-afg-SH domain by Theorem 5.7. Also since the integral closure of D is precisely L[X], it follows that D is not integrally closed. Hence D is not a t-IRKT. So D is not a t-fg-SH domain by [6, Theorem 13] . Thus, there exists a t-afg homogeneous ideal in D, that is a t-fg homogeneous ideal.
